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Transonic Aeroelasticity Analysis for Rotor Blades

Lie-Mine Gea* and Chuen-Yen Chowt
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A numerical method is presented for calculating the unsteady transonic rotor flow with aeroelasticity effects.
The blade structural dynamic equations based on beam theory were formulated by the finite element method
and were solved in the time domain instead of the frequency domain. A global-local coordinate-transformation
matrix was used to reduce the inaccuracy caused by large blade deformations. A new structure code was
developed and was validated by comparing the computed natural frequencies with experimental data of a model
rotor blade. For different combinations of precone, droop, and pitch, the correlations are very good in the first
three flapping modes and the first twisting mode. However, the predicted frequencies are too high for the first
lagging mode at high rotational speeds. This new structure code has been coupled into a transonic rotor flow
code, TFAR2, to demonstrate the capability of treating elastic blades in transonic rotor flow calculations. The
flowfields for a model-scale rotor in both hover and forward flight are calculated. Results show that the blade
elasticity significantly affects the flow characteristics in forward flight.

Nomenclature
A = blade cross-section area
a = local speed of sound
a. = far-field speed of sound
a,—a; = coefficients in Newmark method
30,8, = constants for Rayleigh damping
[l = element damping matrix
[ = damping matrix for the blade
c = blade chord length
E = Young’s modulus
G = shear modulus
[G] = rotational matrix for entire blade
LI, = blade cross-section moments of inertia about y
and z axes, respectively
J = torsional rigidity
(K] = stiffness matrix for the blade
(K] = nonrotating element stiffness matrix
(K)o = element geometric stiffness matrix
[Klgr = element geometric-stiffness-like matrix
l = blade element length
[M] = element mass matrix
M] = mass matrix for the blade
n = unit vector normal to the blade surface
P(r) = aerodynamic load vector
q = flow velocity
q; = generalized coordinates
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[R] = rotational matrix for an element

T = total kinetic energy of the sytem

t = time

U = total strain energy of the system

U = strain energy due to twisting motion induced by
centrifugal force

u,,u,,u, = elastic displacements in x, y, and z axes,
respectively

x,y,z = blade-fixed global coordinates

x',y',z" = blade-fixed local coordinates

X; = local coordinate within an element

a,d = Newmark parameters

vy = specific heat ratio (1.4 for air)

6.,0,,0, = elastic rotational angles with respect to x, y,
and z axes

13 = advance ratio

¢, = nth mode damping ratio

p = blade density

¢ = velocity potential

[&] = jump in velocity potential

w = blade rotational speed

Introduction

HE rotor flowfield contains very complicated unsteady,

viscous, and three-dimensional flow phenomena. For each
revolution, the blade may enter a transonic flow regime on
the advancing side and may exhibit boundary-layer separation
on the retreating side. Blade-vortex interaction will occur
when the blade encounters the wakes shed from other blades.
The blade elastic deformations make the flowfield even more
complex.

Recently, there have been extensive developments in rotor
flow computations. Most of them apply small disturbance
approximations along the mean surface.!> Some advanced
computational works have used finite-difference or finite-vol-
ume schemes to simulate the rotor flow by solving the po-
tential ,*~¢ Euler,”-® or Navier-Stokes equations. In these com-
puter codes the rotor blade is assumed to be rigid; therefore,
the aeroelastic effect is neglected. For a rotor blade, as the
aspect ratio is increased, the aerodynamic-dependent elastic
effect becomes more important and needs to be included in
the flow calculations for a better prediction.
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A number of analyses have been conducted to study the
rotor blade aeroelasticity. Houbolt and Brooks!'? derived the
partial differential equations for blade motions by linear anal-
ysis. Hodges and Dowell'! then developed the equations to
second order, where the ordering scheme was adopted to
neglect higher order terms. In recent years, the finite-element
method has become a more popular tool to solve rotor dy-
namics problems. Different approaches have been success-
fully applied for different purposes. For example, Friedmann
and Straub'® used a local Galerkin-type finite element and
modal analysis to study the stability of a rotary wing. Sivaneri
and Chopra® applied Hamilton’s principle to the equations
of blade motion, given in Ref. 11, for the finite-element for-
mulation to simulate the bearingless rotor blade.

The main purpose of this work is to develop a finite element
code that can be efficiently coupled with a flow solver to
implement the aeroelasticity effect for rotor flow calculations.
Hamilton’s principle is applied to derive the finite-element
equations. The energy expressions are derived from beam
theory consideration and may not be as inclusive as Hodges
and Dowell’s derivations, but the term-by-term manipulations
are physically more meaningful.

For the transonic problem in the presence of shock waves,
the flow equations are nonlinear. The traditional assumption
of constant mass and stiffness matrices for subsonic problems
may not be accurate enough for large amplitudes of motion.
To describe the blade-surface boundary condition more pre-
cisely, a global-local coordinate-transformation matrix is de-
rived to improve the computational accuracy.

The computed system natural frequencies for a model rotor
blade in the first three flapping modes, the first lagging mode,
and the first twisting mode will be compared with experi-
mental results'* to validate the structure code.

In the present work, a full-potential code, TFAR2, with
only planar wake, is modified to couple with the structure
code. A potential code without a good wake modeling cannot
make good predictions for a lifting case, which is necessary
for elastic calculations. However, a qualitative rather than a
quantitative analysis is attempted in this work, so the com-
putation time efficiency for a potential code becomes the
biggest advantage of the current study.

So far, very few coupling works!>'¢ have been published.
In these works, a loose iteration procedure was used to couple
the aerodynamic and structural codes. However, TFAR?2 is
able to treat exact blade geometry, and it includes not only
the twist but also the flapping, lagging, and axial extension
information to make the coupling procedure more realistic.
Some preliminary results for both hover and forward flight
are presented to show the elastic effect in transonic rotor
calculations.

Aerodynamic Model

In the current computational model, a single blade on the
advancing side with transonic effects is considered and the
flow is assumed to be inviscid, irrotational, and isentropic. A
velocity potential ¢ exists, and the complete equation for this
velocity potential is

B + (V) + V- ¥ B (w»)z] - v ()

Bemnoulli’s equation, relating a and ¢, is

a? az
= 2

b+ 3 (VY +

Then the equation is solved in a blade-fixed frame, also called
the moving frame. The relative velocity between inertial and
moving frame is

V=U+Qxr 3

where U and Q are the linear and angular velocities of the
moving frame relative to the inertial frame, and r is the po-
sition vector. The potential equation in the moving frame can
then be written as

by + 2V, + (V-V)(V-V) + V-V, + 2V Vo,

1
+(V-V)[(Ve)*] + VgV [5 (V¢)2] =a’Vié 4
Bernoulli’s equation becomes
1 , a> a4
d),+V~V¢>+§(Vd>)+y_1—y_1 (5)

Several boundary conditions are needed to complete the
boundary value problem. The boundary condition on the ro-
tor blade surface is

g-n=20

where ¢ is the velocity in the moving frame. A simple planar
wake model is used, in which the wake is represented by a
vortex sheet shed from the trailing edge. On the sheet

[¢] + g, - V[$] = 0 (6)

where g, is the mean of upper and lower velocities at each
point on the vortex sheet. At the far flowfield the boundary
condition is formulated as Neumann condition so that the
time derivatives of the velocity potential vanish along the
characteristic of the flow in each spanwise plane:

¢ +4q,- Vo =0 ™)

where ¢, is the outgoing eigenvelocity of the flow equation
in each spanwise plane.

The equation is then solved in a parabolic sheared-mesh
system, and an ADI scheme is performed for the unsteady
solutions. The details can be found in Ref. 6.

Structure Dynamic Model

For the current model, an engineering type of approach is
used, and the beam theory is applied. The matrices for a
nonrotating blade are first derived; then the extra terms due
to the rotational effect are implemented.

Consider a beam type of rotor-blade element with two nodes,
each node having six degrees of freedom. Figure 1 shows the
element geometry and the corresponding nodal forces. From
Hamilton’s principle, in generalized coordinates g,, which are
the degrees of freedom of the element in this case, the well-
known Lagrange equations can be derived:

d {oT oT aU .
% (aq) — o, + P Q, (i=1,...,n (8

where Q, represents the generalized forces.

Shape Functions

Before we start to derive the matrices, it is necessary to
introduce the shape functions N, for our element, which define
the displacements within an element while the ith degree of
freedom of the element has unit value and all others are zero.
Let

&= x/l
where [ is the length of the element and x; is the local coor-

dinate within an element, measured from one end of the
element.
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Fig. 1 Blade element geometry and nodal forces.

Flapping:
N =1 — 38 + 28
Np, = 1& =202 + & )
N = 382 — 21¢3
Np = —182 + 1§
Lagging:
N, =1-— 38 + 28
Ny, = —I¢ + 21¢? — ¢ (10)
Np, = 36 - 20¢°
Ny =1g -1
Axial extension:
Ny=1-¢ (11)
Ny =§
Twisting:
Nn=1-¢ (12)
Np=§

where subscripts F, L, T, and A denote the flapping, lagging;
twisting, and axial directions, and 1 and 2 represent two ele-
ment nodes.

Mass Matrix

The kinetic energy for a blade element can then be written
as

i fC
T = %fo f [, + z6)* + w2 + 2] dm (13)
0
where the displacements, exprcssed in terms of shape func-

tions, are

uy = (NFI’NI-‘Z’NF39NF4)

u, = (NC]’NCZ’NCB’NCA)

e
ox = (N7‘1»N'[2) <0X;>

ux
u, = (NAlvNAz) (u :)

By applying Lagrange’s equations we can generate the 12 X
12 mass matrix [M] for each element, which corresponds to
the inertial forces of the system. In the current model, the
coupling effect between flapping and twisting is included by
allowing the blade cross-section elastic center to be different
from the mass center.

Stiffness Matrix

The strain energy for a nonrotating rotor blade element
can be written as

— 1 jl 2 2 2 2
=5 |, (EAw, + ElLu Eli2,, + GI62) dx (14)

Voax Zxx

Again, Lagrange’s equations yield a 12 x 12 stiffness matrix
[K]e that corresponds to the strain forces of the system.

For a rotor system, the large centrifugal force due to ro-
tation will increase strain energy and cause additional stiff-
ness. This stiffness, called geometry stiffness, is independent
of structural elastic properties and depends only on the ele-
ment’s geometry and external loading. It is denoted by [K]s
and can be determined by considering a beam element that
is subjected to a centrifugal force in the axial direction. It is
then applied to both flapping and lagging directions. The
detailed derivations can be found in Ref. 17.

In addition, the centrifugal force has some implicit contri-
butions in the twisting degree of freedom. If a blade rotates
with a constant rotational speed w, every point on the cross
section is subjected to a centrifugal force in a slightly different
direction, as shown in Fig. 2. For an untwisted blade, the
difference of centrifugal forces acting through an arbitrary
point A and the elastic center EC is

f = pdA dx aw?

where dA is an area segment, and a is the distance between
A and EC. Since f lies on the cross-section plane and points
from A to EC, it can be decomposed into y and z components

fy

f.

The resultant torque is found to be zero after integration over
the cross section. However, the additional forces

Af, = 1,6
Af, = f.6

are induced if the cross section rotates by a small angle 8 (see
Fig. 2). The corresponding strain energy becomes

1l

p dA dx (—y)e?

p dA dx (~-2)w?

40 = dT (92 = %pdA dr %0707 + 7%)

where dT is the resulting torque due to Af, and Af,. Integrating
dU over the element and introducing the linear shape func-
tions for the twisting degree of freedom, we obtain

P 2
U=94—p1(§0§+§0102+§0§>
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Fig. 2 Centrifugal force direction and additional forces due to blade
twist.

where J is the cross-section moment of inertia with respect to
the elastic center. Then by applying Lagrange’s equation, the
geometric-stiffness-like matrix corresponding to the twisting
degree of freedom can be obtained:

w1 [21
= 6PJ[12] (15)

Combining (K], [K]g, and [K]s7, we can write the final stiff-
ness matrix for an element symbolically as

[K] = [K]e + [Klg + [Kler (16)

(Klor

Damping Matrix
Usually, the damping matrix can be represented as'®

C=M32 a[M K

Here, the Rayleigh damping, with b = 1 in the previous
equation, is adopted:

[C] = 4o[M] + a[K] (17)

The values of 4, and 4, can be determined by

— 1 a7 2b
gn 2wn Z abwn
where £, is the nth mode damping ratio, which is usually
obtained from experiment. Only two equations are needed
to solve for @, and 4,. '

Now we have the mass, stiffness, and damping matrices for
an element. The dynamic equations for the entire blade can
then be assembled by considering displacement compatibility
conditions at element boundary. This yields

[M}g(») + [Clg(») + [Klq(r) = P(D) (18)

where P(¢) is the aecrodynamic load vector. For each element,
it consists of 12 nodal forces (see Fig. 1).

Geometric Nonlinearity
In transonic flow or in high-advance-ratio forward flight,
large deformations can be expected, and the integrated so-
lutions based on constant structure coefficients may not be
accurate enough because of the geometric nonlinearity. To

improve the accuracy, a global/local coordinate transforma-
tion is usually used.

Let (x,y,z) and x',y’,z") represent global and local coor-
dinate systems, respectively, for a blade element. For the ith
degree of freedom of the element we can write

q; = [R]qig (19

where subscripts g and / indicate the global and local coor-
dinate system, and [R] is the rotational matrix

[R] = |cosé,, cosb,, cosb,, (20)

cosf,., cosé,., cos,.,
cos#,., cosb,., cosf,.,

In the previous matrix, 6, is the rotation angle from axis x
to axis x’, and so on. The rotational matrix for the entire
element becomes

(R]
G- ®g (21)
[R]

The element mass and stiffness matrices, formulated in the
local system, can be transferred to the global system by using
the energy expression

[M], = [GI'TMI{G] @)
(K], = [GITKI{G]

The dynamic equation is then solved in the global system.

Dynamic Equation Solver
A numerical integration scheme is used to solve the dynamic
equations. In the current work, the Newmark method, an
extension of the linear-acceleration method, is adopted. To
deal with large defomations, we apply the Newmark method
in incremental form as follows:

M]AG + [CIAG + [K]Ag = AP 23)

4t + Ar) = (1) + A4()

q(t + A0 = q(1) + Aq(1)
= q()
+ [(1 = 8)¢(r) + 8§(t + An)]Ar
q(t + Ar) = q(1) + Aq()

i

q(t) + g(oAr

+ [(% - a) gt + ag(t + At)] Ar

where o and & are Newmark parameters that are used to
control the accuracy and stability. Here 8 = 0.5 and & =
0.25, which were originally proposed by Newmark as uncon-
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\PITCH FLEXURE

PRECONE HUB

Fig. 3 Experimental model rotor configuration.
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Table 1 Comparison between computed and experimental natural
frequencies

Precone = 0.0, Droop = 0.0, Pitch = 0.0

RPM 1IstFlap 2nd Flap 3rd Flap 1st Edge 1st Tor.
EXP 0 5.21 32.17 91.80 24.02 43.61
FEM 0 5.18 32.48 91.22 23.38 44.82
EXP 400 9.53 36.69 95.89 24.30 45.00
FEM 400 9.28 37.28 96.19 24.64 45.32
EXP 600 12.75 42.37 101.95 24.50 44.31
FEM 600 12.58 42.53 102.03 26.12 45.93
EXP 800 16.30 49.40 109.30 24.71 48.50
FEM 800 16.03 48.92 109.66 28.06 46.76
EXP 1000 19.52 55.93 117.41 25.09 47.93
FEM 1000 19.54 56.07 117.95 30.06 47.82
Precone = 5.0, Droop = 0.0, Pitch = 0.0 '
EXP 0 5.19 32.28 90.58 23.78 44.14
FEM 0 5.19 32.48 91.23 23.38 43.16
EXP 1000 20.32 55.12 116.72 24.50 48.64
FEM 1000 19.53 56.07 118.70 30.36 46.27
Precone = 0.0, Droop = 5.0, Pitch = 0.0 )
EXP 0 5.21 32.36 91.31 23.91 44.24
FEM 0 5.19 32.48 91.23 23.38 43.16
EXP 1000 19.37 55.30 114.34 24.48 53.74
FEM 1000 19.53 56.07 118.70 30.36 46.27
Precone = 5.0, Droop = 0.0, Pitch = 12.0 ‘
EXP 0 5.17 32.22 90.62 23.63 43.95
FEM 0 5.19 32.49 91.23 23.38 43.16
EXP 1000 18.71 54.62 117.04 24.79 50.27
FEM 1000 19.52 56.06 118.69 30.36 46.26
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Fig. 4 Blade tip deflection plot for hovering case; a, = 5 deg, M, -5 0 x 5 1.0 -5 0 x o 1.0

= 0.75.

ditionally stable. Substituting A¢(f), Ag(r) and Ag(r) into Eq.

(23) gives
Aq(0) (K] + aolM] + a[C])

= AP + [M][a:4(t) + a:G(D] + [Clla.q()) + a5G(1)]

where
a g a, = 8
O aAr? L aAr
a 1 d
= — a, = — a
3 2a 4 a’ 5

Fig.5 Comparison of upper surface Mach contours for hovering rigid
and elastic blades; a, = 5 deg, M, = 0.75.

From the previous equations, the displacement increments
Aq(t) are solved, where ¢(f) and ¢j(¢) are the velocities and
acceleratioris at the current time step. Then the increments
of velocity and acceleration are

Ag(1) = a,8q(1) ~ a.q(r) — asg(D)
Ag(r) = aAq(1) — a>4(1) — a;4()

The displacements, velocities, and accelerations for the next
time step can then be obtained, and this process is repeated.
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Fig. 7 Blade tip deflection plot for forward flight case; a, = 5 deg,
M; = 0.6, p = 0.25. '

Structure Code Validation

To validate the structure code, an isolated and hingeless
two-bladed model helicopter rotor blade (see Fig. 3) is sim-
ulated by the current code. The torsionally soft rotor blade
has a NACA 0012 airfoil with neither twist not taper. The
rotor configuration, the blade properties, and the experi-
mental setup details can be found in Ref. 14. Four cases with
stiff pitch flexure at different rotational speeds are considered:
1) precone = 0 deg, droop = 0deg, pitch = 0 deg; 2) precone
= 5deg, droop = 0 deg, pitch = 0 deg; 3) precone = 0 deg,
droop = 5 deg, pitch = 0 deg; and 4) precone = 0 deg,
droop = 5 deg, pitch = 12 deg. The computed natural fre-
quencies for the first three flapping modes, the first torsion
mode, and the first lagging mode are compared with exper-
imental data in Table 1. The correlation is very good for most
of the modes. For the first three flapping modes, the fre-
quencies are within 4% of the experimental values. For the
torsion mode, the frequencies are excellent for case 1 and fair
for the other cases. The most unsatisfactory frequencies are
in the lagging modes, where the code predicts higher fre-
quencies for high rpm cases. The error is mainly from the
inaccurate modeling for centrifugal force in the lagging mo-
tion. The blade lagging motion is within the rotational plane;
in this it is essentially different from the flapping motion, but
in the present analysis, identical modifications were used in
both the flapping and the lagging directions. However, the
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Fig.8 Comparison of upper surface Mach contours at three different
azimuth angles, ¢ = 60, 90, and 120 deg, for rigid and elastic blades
in forward flight; a, = 5 deg, M, = 0.6, p = 0.25.

experimental data in case 1 show that the variation in lagging
mode is very limited, only 4.4% from 0 to 1000 rpm, so the
predicted lagging motion may still be acceptable even without
the centrifugal force modification.

Code Coupling

The following procedure is performed to couple the TFAR2
code and the structure code to complete the aeroelastic anal-
ysis.
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Fig. 9 Comparison of tip C, plots at three different azimuthal angles, ¢ = 60, 90, and 120 deg, for rigid and elastic blades in forward flight;

a, = 5 deg, My = 0.6, u = 0.25,

1) The full-potential transonic rotor flow equations are
solved by the TFAR?2 code, and the blade sectional lift, drag,
and moment are calculated.

2) The aerodynamic forces are converted to the corre-
sponding element nodal forces by applying element shape
functions and using Gauss integration.

3) The structural dynamic equation is rotated from the
local to the global coordinate system and integrated by New-
mark’s method to obtain the element nodal displacements.

4) The deformed blade geometry is read into TFAR2, and
a new grid system with new surface boundary conditions is
generated for the next step in the aerodynamic calculations.
Steps 1 through 4 are repeated until the desired conditions
are reached.

Numerical Results

Calculations were carried out for an experimental scale
model of a rotor that is the same as the one used in frequency
comparisons. The aspect ratio for this blade is about 11, and
the blade is divided into 8 elements for the finite element
model. In the aerodynamic computations, a C-H type finite-
difference grid (96 X 16 X 32 in chordwise, vertical, and
spanwise directions) was used. To complete one revolution
for the aforementioned grid and element, 30 min of CPU time
on the Cray X-MP computer is required. The computation
time for elastic calculation is, in general, less than 3% of that
for the aerodynamic calculation.

Two sets of numerical results, for both 1) hover and 2)
forward flight, are presented to show the blade dynamic re-
sponse due to the aerodynamic forces and the flow calcula-
tions with and without elastic effect.

Hover Case

The first set of results is for a hovering case in which the
initial pitch is 5 deg and the blade-tip Mach number M, is
0.75. Figure 4 shows the time history, represented by the
azimuth angle, of the flapping and twisting motions of the

blade tip. It shows that for the current coupling it takes about
three revolutions for the solutions to converge. The blade
elastic deformations approach constant values after the blade
reaches its balanced position, and hence the flow becomes
steady state. The unsteady part of the solution at the begin-
ning stage of the calculation is caused mainly by the “‘cou-
pling.”” After the solution is converged, there is about —0.4
deg of twist and a bend-up at the blade tip. Figure 5 compares
the blade-upper-surface Mach contours in rigid and elastic
calculations. A slightly smaller transonic regime was found
on the elastic blade surface. In Fig. 6, the pressure distribu-
tions for rigid and elastic blades at two span stations, #/R =
0.82 and = 1.0, are compared; the difference is small and
the shock structure remains almost the same.

Forward Flight Case

The second set of results is for forward flight with 5 deg
blade initial pitch. The flow condition is M, = 0.6 and the
advance ratio u = 0.25. Figure 7 shows the converged solution
of the blade-tip deformations. The blade oscillates with a
mean position, and the twist angle varies from about —3.0
deg on the advancing side to 4.0 deg on the retreating side.
This elastic phenomenon will dramatically affect the results
of flow predictions. Figure 8 shows the advancing-side, upper-
surface Mach contours for rigid and elastic blades at three
different azimuth angles. We can see that for the elastic blade,
the Mach number at the tip is much lower than that at the
rigid blade. The pressure distributions around the tip section
for rigid and elastic blades at three different azimuth angles
are compared in Fig. 9. A significant difference in C, distri-
butions was found; the elastic case also predicts a much weaker
shock.

Conclusions

A pew finite element rotor dynamic code has been devel-
oped, and the code has been validated by comparing the
computed natural frequencies favorably with experimental
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data. In general, the correlation is very good for most of the
modes in four different cases, as can be seen from Table 1.
The lagging mode at high rotational speed is not as good;
however, this discrepancy might be overcome by using a better
centrifugal-force model in lagging motion.

The structure code has been coupled with the transonic-
rotor-flow code (TFAR2) to study the aeroelastic effect in
transonic regime for both hover and forward flight. According
to the numerical results, the elastic effect for the hover case
is not as important as it is for forward flight. For forward
flight, even at a low advance ratio, the blade elastic response
due to unsteady aerodynamic forces is significant, and the
elastic blade consideration is needed for accurate flow pre-
dictions.
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